We develop a theory for surface modes at the nematic-isotropic interface in thermotropic nematogen/non-nematogen mixtures. We employ the dynamical generalization of the Landaude Gennes model for the orientational (non-conserved) order parameter, coupled with the CahnHilliard equation for concentration (conserved parameter), and include hydrodynamic degrees of freedom. The theory uses a generalized form of the Landau-de Gennes free energy density to include the coupling between the concentration of the non-nematogen fluid and the orientational order parameter. Two representative phase diagrams are shown. The method of matched asymptotic expansions is used to obtain a generalized dispersion relation. Further analysis is made in particular cases. Orientational order parameter relaxation dominates in the short wavelength limit, while in the long wavelength limit viscous damping processes become important. There is an intermediate region (depending on the temperature) in which the interaction between conserved parameter dynamics and hydrodynamics is important.
I. INTRODUCTION
Most liquid crystals used in technological applications, such as electro-optical devices [1] , are mixtures. Often we have to consider inhomogeneous mixtures between thermotropic nematogen and a non-nematogen. The dynamics of such materials involves treating not only the orientational order but also the concentration of nematogen. However, in a dynamical theory these two -coupled -variables have a different status. Orientational order is a nonconserved order parameter and normally relaxes diffusively. By contrast, concentration is a conserved order parameter, and relaxes through an induced current. The coupling of a conserved order parameter to a non-conserved order parameter -even when the latter is in some sense the driving force in the system, thus has profound effects on the dynamics. A subset of these effects is the subject of this paper.
In these systems, a biphasic region between the isotropic and the nematic phases appears below the nematic-isotropic transition temperature of the pure nematogen. When the system is thermally quenched from the stable isotropic phase into the biphasic region, fluctuations of concentration and of orientational order occur, and isotropic or nematic droplets can appear. By whatever early stage process, e.g. nucleation or spinodal decomposition, domain wallsotherwise known as interfaces -soon form.
In this paper, we analyze the problem of damping of capillary waves at these interfaces. In the case of a pure nematogen compound, very different dispersion relations for waves at the nematic-isotropic interface can be derived depending on the way the calculations are done. More precisely, the diffuse interface model, solved by assuming that the order parameter and velocity fields do not interact, leads to purely diffusive surface waves whose mode structure is identical to that of the bulk diffusive modes found in the time-dependent Ginzburg-Landau equation [2] . However, for the same problem, the sharp interface model yields modified capillary waves, with a large propagating component.
In the two previous papers [3, 4] , we have examined this problem for a simpler system in which there was only one component. The two points of view have been reconciled by analyzing the surface eigenmodes of the nematic-isotropic interface within the Hess-OlmstedGoldbart-Qian-Sheng phenomenological model [5] [6] [7] of nematogenic fluids. In [3] , it was assumed that the nematic director is fixed in space and time, so that the relevant physics was only described by a scalar order parameter. It turns out that this assumption is only valid if the interfacial tension is isotropic. This required that: (a) the surface tension does not depend on the director orientation at the interface, and (b) (less obviously) backflow, i.e. coupling between the flow and the director, can be neglected. A general dispersion relation was then obtained, having as particular cases two different regimes. In the short wavelength limit, the interface is diffusive and the relaxation of the order parameter is the dominant process. By contrast, in the long wavelength limit, the interface is sharp and the viscous damping process dominates. For 5CB (pentylcyanobiphenyl), the transition between these two regimes takes place at λ c = 5µm, which should be visible experimentally.
In [4] , we reconsidered the problem in a more general way, taking into account both the hydrodynamic coupling with the director and the surface tension anisotropy, which can be as large as 20 % at the nematic-isotropic interface. As a result, interface oscillations couple with the director field via hydrodynamic flow and backflow effects. In the general dispersion relation three distinct regions can be distinguished: (i) at very large values of λ (λ > λ c 1 6 cm) the dissipation due to shear flow dominates and the nematic behaves as a viscous isotropic fluid, (ii) at intermediate values of λ (λ c 2 1 · 10 −4 cm < λ < λ c 1 )
curvature elasticity and backflow effects become important, and finally (iii) at low values of λ (λ < λ c 2 ) the relaxation of the order parameter governs the physics. The numerical values λ c 1 and λ c 2 correspond to 5CB. The influence of the anisotropy of the surface tension and of the hydrodynamic coupling between the flow and the director has a fairly small effect ( −20%) on the relaxation rate. By contrast, the influence on the phase velocity is very important in the second region, in which a new propagating mode is observed. The effect of the rotational viscosity and associated backflow effect is much more important than that of the anchoring energy. In this paper we extend this analysis to nematic-isotropic interface in thermotropic nematogen/non-nematogen mixtures. The new physics involves coupling time-dependent Ginzburg-Landau and Cahn-Hilliard equations [8] with hydrodynamic degrees of freedom. A similar model has been used to study the nematic-isotropic interface in a polymer/nematic mixture [9] and the behavior of a suspension of rigid rod particles in shear flow [10] in the framework of Doi model [11] .
The unperturbed or base state of the system is a planar nematic-isotropic interface in equilibrium. This condition fixes its temperature. To simplify, we further assume that the temperature is uniform. There is thus no temperature gradient perpendicular to the interface. Due to thermal fluctuations, small amplitude monochromatic waves develop at the interface. We use a linear stability analysis of the equations to obtain their dispersion relation.
The paper is organized as follows. In the next section we introduce the free energy of a non-uniform thermotropic nematogen/non-nematogen mixture system. We present the static phase diagrams and derive the interfacial tension between coexisting phases. In Sec. 3 we give the governing equations. We then present in Sect. 4 the dispersion relations corresponding to the two regions defined by the typical lengths in the problem. The general dispersion relation and numerical results are presented in Sec. 5. In Sec. 6 we draw some conclusions and present directions for future work.
II. FREE ENERGY
A thermotropic nematic/non-nematic mixture is characterized by a conserved parameter and a non-conserved parameter. The conserved parameter is the concentration c = N 1 /N of the non-nematic component, where N 1 is the number of molecules of non-nematic component and N the total number of molecules. The non-conserved parameter is the orientational nematic order parameter Q αβ . The orientational order parameter is a traceless symmetric second rank tensor with components given by [12, 13] 
where the unit vector n is the nematic director, and S the usual scalar order parameter. S = 0 in the isotropic liquid and S = 1 in a fully oriented nematic phase. In this paper, we shall simplify by supposing n to be fixed in space and time, and the relevant physics is given by the scalar order parameter S( r, t). We note that this is an idealization which is in general not true during the relaxation, and even not true close to the interface. However, previous studies [2] suggest that the slowest relaxation modes approximately fulfill this condition when the director anchoring is homeotropic at the interface. In the later work we shall relax this approximation.
Within the mesoscopic approach, the free energy functional is given by
where K c and K 0 are phenomenological coefficients. The elastic constants L 1 and L 2 are related to the Frank-Oseen elastic constants by the relations
, where S n is the bulk nematic order parameter. In the so-called "oneconstant approximation" (K 1 = K 2 = K 3 = 9K S /2) and S n = 1, L 1 = K S and L 2 = 0, values which we consider in this paper. The bulk free energy density f (c, Q αβ ) consists of two parts:
The first term is the free energy density of the isotropic mixing for the two components which governs phase separation. According to the Flory theory, the free energy density is given by [14] f mix (c) =
where k B is the Boltzmann constant, T is the absolute temperature, χ = (U 0 /k b T ) is the Flory-Huggins interaction parameter related to isotropic interaction between unlike molecular species [14] . The second term in (3) is the Landau-de Gennes free energy density which governs the isotropic-nematic phase transition
The coupling between c and Q αβ in (5) results from microscopic considerations. According to Humphries-James-Luckhurst theory on a binary mixture [15] , the orientational free energy per molecule in a mean-field approximation is given by
where the strength of the molecular field is determined by the molecular anisotropy u, β is the angle between the symmetry axis of the (cylindrically symmetric) molecule and the director, and f (β) is the singlet orientational distribution function. The first term is the internal energy per molecule, while the second one represents the decrease of entropy due to the nematic ordering. The free energy given in Eq. (5) can be compared with the Landaude Gennes expansion [16] . The consequence is that only the T * term in Landau-de Gennes free energy comes from the internal energy, while the other terms result from the entropy expansion.
For a pure nematogen, using the form (1) for Q αβ , the bulk free energy density has the well-known form
which describes a first order nematic-isotropic phase transition. For T = T NI = T * + B 2 /24aC, the two phases, nematic (S nem = B/6C) and isotropic (S iso = 0) coexist in equilibrium. T * is the undercooling limit temperature of the isotropic phase.
A. Phase diagrams
The calculation of static phase diagrams requires only the bulk free energy density. We now non-dimensionalize the free energy. The orientational order parameter is normalized with respect to its value at the transitionS = S/S nem , using the reduced temperature τ = T − T * T NI − T * . The dimensionless free energy density is nowf = f /f 0 , where
Omitting the bar notation, the non-dimensional free energy density becomes:
where Γ = Nk B T/V f 0 and λ = 24aCT * /B 2 . Now, for a pure nematogen the phase transition temperature is τ NI = 1 and the corresponding value of the nematic orientational order parameter is S nem = 1.
The equilibrium conditions can be written as [17] :
where ∆g(c,
is the difference in Gibbs free energy density between the two phases and µ = ∂f ∂c (c iso , 0) is the chemical potential.
We now introduce two representative phase diagrams for nematic/non-nematic mixture, plotted on the temperature-concentration plane. The coexistence curves (binodals) in these phase diagrams were calculated numerically, by finding pairs of states with equal chemical potentials and pressures. This is equivalent to minimization of ∆g with respect to the nonconserved order parameter S (the third equation in (8), followed by a common tangent to a pair of points on the curve f (c) [17] (the first two equations in (8) . The spinodal line, which separates metastable from unstable compositions, is given by the inflection point of the Gibbs free energy density (∂ 2 ∆g/∂c 2 = 0). The corresponding phase diagrams are plotted in Fig. 1 . The solid curves refer to the binodal and the dotted lines shows the hidden first order nematic-isotropic transition, where the isotropic and nematic branches of the Gibbs free energy density are equal. The dasheddotted lines are the spinodals. Fig. 1a shows the phase diagram for Γ = λ = χ = 1. For this value of Flory-Huggins interaction parameter, the free energy density f (c, 0) Eq. (7) does not predict a spinodal decomposition in the isotropic region (thus, there is only one isotropic phase in the phase diagram). For temperatures below T NI (τ NI = 1), there exists a two-phase coexistence region between an isotropic and a nematic phase (I+N). On decreasing the temperature (note that the undercooling limit temperature for isotropic phase T * in the pure nematogen corresponds to τ * = 0) the biphasic region broadens. Within the biphasic region, there are two different metastable regions: an isotropic metastable (Im) and a nematic metastable (Nm) region, as well as an unstable region of the nematic (Nu). For a higher value of the Flory-Huggins interaction parameter, the phase diagram develops a triple point. Fig. 1b shows the phase diagram for Γ = λ = 1 and χ = 2.5. For this value of χ, there is a (classical) phase separation even in the isotropic region (thus there are two isotropic phases I 1 and I 2 ; I 1 (I 2 ) refers to the isotropic liquid phase of higher (lower) concentration on the phase diagram. The arrow shows the critical point for the I 1 + I 2 phase separation. At τ = 0.906, there is a triple point (TP) where the two isotropic phases and the nematic phase can simultaneously coexist. There are two spinodal (unstable) regions in the phase diagram, i. e., an isotropic spinodal region (I 2 u) and a nematic spinodal region (Nu), which are separated by the hidden nematic-isotropic transition line. Similar phase diagrams have been obtained by other workers for polymeric/liquid crystals mixtures [18] .
In both phase diagrams we can distinguish two different regions. Near τ = 1, the concentration jump at the transition is very small, so that the important effect results from the non-conserved order parameter variation. On decreasing temperature, the concentration jump at the transition is larger and the variation of the conserved parameter becomes important.
B. Interfacial tension
We consider a planar nematic-isotropic interface of area A in equilibrium in the nematic/non-nematic mixture and take the z-axis perpendicular to the interface. The free energy functional (2) can be expressed as:
We rewrite Eq. (9) in dimensionless form by measuring length in unit of
and introducing the dimensionless quantities:
Omitting the bar notation, Eq. (9) can be rewritten as:
The interfacial tension γ is defined as the difference, per unit area of the interface, between the free energy of the system and that of the two phases if each were uniform and isolated. Hence in non-dimensional form it can be written:
Minimizing the functional in Eq. (11) with respect to c(z) and S(z), we obtain the corresponding Euler-Lagrange equations for the equilibrium profiles of the order parameters:
with the following boundary conditions:
and
Multiplying Eq. (13) by d z c and Eq. (14) by d z S, adding the resulting equations, and then integrating once with respect to z, we obtain the condition for a planar equilibrium interface solution:
Using this expression to eliminate the gradient terms from Eq. (11), the interfacial tension becomes:
To perform numerical calculations we have taken values for the bulk Landau-de Gennes free energy parameters which correspond to 5CB: a = 3.3 × 10 5 erg/Kcm 3 , B = 8.9 × 10 6 erg/cm 3 , and C = 5.6 × 10 6 erg/cm 3 [19] , which gives f 0 = 8.6 · 10 3 erg/cm 3 , and the typical experimental values given in the literature:
−6 dyn, and γ S = 1 × 10 −2 erg/cm 2 (γ S is the nematic-isotropic interfacial tension for a pure nematogen) [13, 18, 20, 21] . By numerically solving the Euler-Lagrange equations (13) and (14), we calculate the equilibrium profiles c(z) and S(z) (which are very close to the well-known hyperbolic tangent profiles) and using Eq. (16) the interfacial tension for nematic-isotropic equilibrium interface.
In Fig. 2 we plot the interfacial tension γ between the isotropic and nematic phases, as a function of the reduced temperature τ , for both phase diagrams presented in Fig. 1 . The reduced interfacial tension γ/γ S is normalized by the interfacial tension γ S of an isotropicnematic interface of the pure nematogen at τ = τ NI = 1. In the first case (for χ = 1; continuous line in Fig.2 ) the interfacial tension is practically constant near τ = 1 and then increases rapidly with decreasing temperature. For χ = 2.5 (dashed line), the interfacial tension has a jump at critical point τ = τ c = 0.906 because the nematic-isotropic interface changes. 
III. EQUATIONS OF MOTION
We assume that the heat diffusion is sufficiently rapid in order that the system remains at thermal equilibrium. We therefore ignore the equation for energy conservation and assume an isothermal system at a specified temperature. We further assume the fluid is incompressible. Within these approximations, the equations of motion for the velocity and the nematic order parameter become [5] [6] [7] 
where ρ is the density, p the pressure, while λ and λ γ are the Lagrange multipliers associated to conditions T rQ = 0 and Q αβ = Q βα , respectively. In this expression, α, β and γ run from 1 to 3, summation over repeated indices is implied, αβγ is the Levi-Civita symbol, and d/dt is the total time derivative ∂/∂t+ v·∇. The distortion stress σ d (which results from molecular displacement keeping the orientation fixed: r → r + u( r), Q αβ ( r) → Q αβ ( r ) = Q αβ ( r)) and the elastic molecular field h (which results directly from the virtual orientational distortion:
The viscous stress tensor σ v and the viscous molecular field h v , are introduced through the consideration of entropy production in a dissipative flowing nematic. They are given by a tensorial generalization of the Ericksen-Leslie theory [7, 22, 23] ,
where
is the time rate of change of the order parameter with respect to the background fluid angular velocity, sometimes known as corotational time derivative. The quantities β 1 , β 4 , β 5 , β 6 , µ 1 , and µ 2 = β 6 − β 5 are viscous coefficients which can be expressed in terms of the Leslie coefficients (α i ) and the value of the order parameter S [7] , while
are, respectively, the symmetric and antisymmetric parts of the velocity gradient tensor.
The concentration equation of motion takes the Cahn-Hilliard form [8] 
where the transport coefficient Γ c is assumed to be constant and the chemical potential is given by
The diffusive current is J = −Γ c ∇µ. The complete dynamics is thus describe by Eqs. (18), (19) , (20) , and (25) . The dynamical equations of motion for other complex fluids have the same theoretical structure: equations of motion for the conserved quantities and the brokensymmetry or flow induced structural (nonconserved) order parameter (analogous to Q αβ ), and a constitutive relation for the stress as a function of composition and order parameter [17] .
Let −6 cm. This length gives the typical width of the order parameter profile within the interface.
(ii) The second microscopic length is related to the concentration variation inside the interface l c = (K c /f 0 ) 1/2 that for 5CB has the value 3 × 10 −5 cm. (iii) The third (macroscopic) length is associated with the vorticity, i.e. with the flow induced by the motion of the interface. The corresponding physics is described by the generalized Navier-Stokes equation (8) , which can be considered in the thin interface limit. The important physical parameters are, the capillary force, associated with the interfacial tension γ, the viscous dissipation, associated with viscosity coefficient η, and the fluid inertia, governed by the mass density ρ. From these three quantities, we can construct only one length l η = η 2 /ργ. For 5CB, ρ = 1g/cm 3 , γ = 1 × 10 −2 erg/cm 2 , and η = 0.1P , so that l η = 1cm. This length separates the inertial from the viscous regimes; the corresponding value of the Reynolds number is unity (for details see [4] ).
In the following, we shall use t η = η 3 /ργ 2 as unit time, which is the typical relaxation time of a perturbation of size l η and for 5CB has the value 10s. In the following, the ratio = l S /l η = l c /l η 10 −5 will constitute the small parameter of the theory. We consider a two-dimensional flow with horizontal and vertical velocity components u and w in the x and z directions, respectively, and we simplify the expressions (23) and (24) by assuming that:
which give µ 2 = 0 [7] . In terms of Leslie coefficients α i , these relations are equivalent to:
Within these approximations, the coefficient β describes the dissipation due to shear flow (shear viscosity), while µ 1 is associated to the standard rotational viscosity γ 1 = α 3 − α 2 = 2α = 9S 2 µ 1 /2. Using these hypotheses and Eqs. 
the free energy density, and introduce the dimensionless quantities:
Omitting the bar notation in the following, we obtain:
. In what follows we shall suppose that the stationary planar nematic-isotropic interface (i.e. the base state of the system) is situated at z = 0, such that the nematic lies in the region z < 0 and the isotropic phase in the region z > 0. The x axis is taken in the direction of the wave vector k of the perturbation along the interface. This is possible without loss of generality, as the system is isotropic in x and y directions i.e., neglecting the biaxiality of the nematic phase. In this way, the wavenumber k represents the modulus of the twodimensional wavevector in the plane of the interface.
IV. ASYMPTOTIC ANALYSIS FOR 1
To obtain the dispersion relation we use the method of matched asymptotic expansions [24] . The method consists in matching the solution obtained in outer regions, where z is of the order unity, to that in an inner regions, in which z is small. In our case, there are two outer regions B and C, of dimension l η , in which the dominant physics is hydrodynamic: dissipation due to shear flow. These two regions are a z → −∞ deep nematic region and a z → +∞ deep isotropic region. In the inner region A, of dimension l S l c l 0 both conserved and nonconserved order parameters vary rapidly.
We expand the solution in the outer regions as regular perturbation series in 2 :
In the inner region we set ζ = x/ and ξ = z/ and written similar expansions for the variablesû (ζ, ξ) = u(x, z),ŵ(ζ, ξ) = w(x, z),ĉ(ζ, ξ) = c(x, z), andŜ(ζ, ξ) = S(x, z) .
A. Outer regions: B and C
Here c and S are constant in each phase. We find that, to all orders, (c, S) = (c nem , S nem ) for z < 0 and (c, S) = (c iso , 0) for z > 0. The leading-order problem for u (0) and w (0) in the outer region of the nematic phase B (z < 0) is given by
ρ du
ρ dw
where η N = (α + 2β)/2 is the shear viscosity of the nematic phase. These equations have the same form in the outer region of the isotropic phase C (z > 0), but with a different shear viscosity coefficient η I = β. The density difference between the isotropic and the nematic phase is usually very small, so that we can consider in a good approximation that the two fluids have the same density. Thus, the outer problem is equivalent to the Navier-Stokes equation for an interface between two fluids with the same density but with different viscosities, subject to the incompressibility condition [25, 26] . The solution corresponding to the stationary planar interface is given by u
We now impose a small periodic sinusoidal perturbation to the interface of the form ξ I = ξ k exp(ikx − Ωt), where ξ I is the vertical displacement of the interface with respect to its equilibrium position z = 0. In our notation, k is the wavevector (real number) and Ω is the angular frequency. The latter quantity is generally a complex number whose the real part gives the relaxation time τ = 1/Re(Ω) of the wave, and the imaginary part, the phase velocity v p = Im(Ω)/k.
For a nematic of large depth (region B: −∞ < z < 0), the wavelike solutions of Eqs. (42)-(44) are of the form (for details see [4] )
Similarly, in the isotropic phase (region C: 0 < z < ∞),
where (45)-(50) correspond to the classical sharp-interface approach, where it is assumed that the thickness of the inner region is zero. In this limit, the dispersion relation is determined by the boundary conditions at the nematic-isotropic interface which can be taken at z = 0 due to the smallness of the amplitude of the oscillations [25, 26] . These conditions are as follows (for details see [4] ):
(i), (ii), and (iii) : The x and z components of the velocity and the tangential components of the stress tensor must be continuous;
(iv) The jump of the normal component of the stress tensor is given by the Laplace law:
After substituting solutions (45)- (50) into the boundary conditions, we obtain the dispersion relation in leading order in the outer region:
where Ω 2 0 = −γk 3 /2ρ is the capillary wave dispersion relation for ideal fluids. The quantity γ is the interfacial tension. It enters here as a parameter through Laplace's law (50). In the more generalized model discussed in this paper, it can be calculated from the inner region solution.
B. Inner region A
To look for the solutions in the inner region, we rewrite Eqs. (36)-(40) in terms of inner variables ζ = x/ and ξ = z/ ,
The first step is to ignore the interaction between the velocity and the order parameters variations. In the leading order, omitting the tilde signs, we obtain
Eqs. (60) and (61) constitute the model C in the Hohenberg and Halperin classification on critical dynamics [27] . We consider first an equilibrium planar nematic-isotropic interface perpendicular to the ξ axis. The horizontal momentum equation (58) is satisfied identically and the remaining equations give:
where the subscript 0 refers to the equilibrium interface. We have integrating the CahnHilliard equation (61) It is important to note that the interfacial tension γ which appears in the outer region dispersion relation (51) as a parameter introduced by the Laplace law (50) is now calculated from the inner region profiles of the order parameters by Eq. (16) . In the following we shall use only the phase diagram plotted in Fig. 1a and the corresponding interfacial tension (the continuous line in Fig. 2 ) to obtain the dispersion relation.
To obtain the leading order dispersion relation in the inner region in the absence of hydrodynamics degrees of freedom, we impose small periodic perturbations to the interface in the ζ direction with wave vector k,
where the amplitude A is small. Substituting these forms into Eqs. (63) and (64), and linearizing in A, gives
For a discussion of the independent eigenvalues corresponding to CahnHilliard and time-dependent Ginzburg-Landau equations, see [28] and [29] , respectively.
Since k = 0 corresponds to a uniform translation of the interface, we know that Ω k=0 = 0 is the eigenvalue with the eigenfunctions d ξĉ (this can be easily checked by differentiating Eqs. (13) and (14) with respect to z). Here we concentrate only on these ground-state eigenfunctions, which are the 'slow modes'. In fact, a difficulty does appear at k = 0 for the conserved order parameter. Physically, the interface in a conserved system cannot move freely using the Goldstone mode as it could in the nonconserved one. Thus, at k = 0, the system can only satisfy conservation if it "ripples" transversely to the interface. At k = 0, a perturbation local to the interface of a form like the Goldstone mode is possible, since the conservation is taken care of by the fluctuation along the interface.
is the Green function for the operator k 2 − d 2 ξ . In the limit k → 0, we can replace G k (ξ − ξ ) by its small-argument limit 1/2k. This yields the leading order dispersion relation in the inner region (in unscaled units):
The pure nonconserved order parameter dispersion relation is obtained in the limit τ = τ NI = 1, which gives c iso = c nem and γ = γ S , where
2 dξ is the nematic-isotropic interfacial tension for a pure nematogen, and
We note that there is another time-dependent Ginzburg-Landau mode corresponding to a squeezing of the interface with the corresponding eigenvalue Ω S1 = Ω S + 3f 0 /2µ 1 [29] separated by a gap from the ground state, which we do not consider here. The pure conserved order parameter dispersion relation is obtained in the limit µ 1 = 0. This limit corresponds to freezing of the rotational motion. It can be written as:
In the small wavelength limit (region A 2 in Fig. 3 ), the relaxation of the non-conserved order parameter is the important process and
while in the large wavelength limit (region A 1 in Fig. 3 ), the relaxation of the conserved parameter dominates and Ω Sc is given by Eq. (71). In Fig. 3 we have plotted, for τ = 0.5, the inner region dispersion relation given by Eq. (69) as well as the particular limits given by Eqs. (71) and (72) respectively. We have used the experimental value for µ 1 = 0.1P [13] and the value of Γ c = 1.5 · 10 −9 cm 3 · s/g was chosen to have the same velocity unit for the both order parameters l S /t S = l c /t c . There is a transition between these two regimes that takes place when Ω Sc (k → ∞) = Ω c which gives
which for τ = 0.5 gives k c 1 = 2.8 · 10 4 cm −1 with the corresponding critical wavelength λ c 1 2.2 µm. In view of the important role played in the dynamics by the quantity k c 1 , we attempt here to further interpret this quantity. Eq.(73) can be rewritten as:
where t c = l 2 dξ of the nematic-isotropic interfacial tension for a pure nematogen. The second line of Eq. (74) is written as a ratio times the inverse of the fundamental microscopic length in the problem, as discussed in Section 3. The ratio involves two quantities, one intrinsic -the ratio of the concentration to orientational relaxation times -and one extrinsic -the square of the concentration difference.
In Fig. 4 we have plotted the phase diagram in the space (τ, k c 1 ) . In region A 1 (k < k c 1 ) the conserved parameter relaxation is the important process, while in region A 2 the nonconserved order parameter relaxation dominates. Near τ = 1 the relaxation of the nonconserved order parameter is the important process for all values of k, except a very small region near k = 0. With decreasing temperature, the concentration variation becomes more and more important, and the relaxation of the conserved order parameter is dominant in a larger region. To sum up, we have obtained the leading order dispersion relation Eq. (51) in the outer regions B and C of dimension l η . In this region, the interface is sharp and can be considered as a surface of discontinuity. The physics is governed by the dissipation due to shear flow and the dispersion relation is the classical capillary wave dispersion relation at a sharp interface between two fluids with the same densities and different viscosities.
In the inner region A of dimension l S , without considering the interaction between velocity and the order parameter relaxation, we have obtained the leading order dispersion relation Eq. (67). In this region the interface is diffusive and the relaxation of the order parameters is the dominant process.
The important point here is that both the leading order solutions for the eigenvalues in the inner and outer regions are approximations of the same eigenvalue problem given by Eqs. (36)-(40) . Therefore, in the transition region between the inner and outer layers, the two expansions must give the same result. The next step is to combine them into a single expression by matching these two asymptotic expansions.
V. GENERAL DISPERSION RELATION
Now, we consider the interaction between hydrodynamics and relaxation of the order parameters. For details of the method, we refer the reader to our earlier paper [3] . We perturb the base state as follows:
Substituting these forms and Eqs. (65) into Eqs. (53)- (57), linearizing in A, and eliminatingÛ and P , gives
where η = η N for ξ < 0 and η = η I for ξ > 0 and
Integrating Eq. (76) 
0 and integrate, using Eqs. (16) and (67), the following result is obtained
Using the matching condition,
Eq. (79) can be rewritten as
Using Eqs. (45)-(50), the continuity of horizontal velocity at the interface, and the smallargument limit 1/2k of the Green function, we obtain the generalized dispersion relation, in unscaled units:
where Ω Sc is the leading order dispersion relation in the inner region Eq. (69) and Ω η is the leading order dispersion relation in the outer region Eq. (51). The real part of the solution of Eq. (82) and its asymptotic limits given by Eqs. (51) and (69) are drawn in Fig. 5 . Three regions can be clearly distinguished. In the short wavelength limit (region A in Fig. 5 ), the interface is diffuse and the relaxation of the order parameters is the dominant process. The dispersion relation is given by Eq. (69) ( dashed curve in Fig. 5 ). We note that in region A the inner region dispersion relation has its asymptotic form given by Eq. (72) (see Fig. 3 ), meaning that the relaxation of the non-conserved order parameter is dominant. In the long wavelength limit, the viscous damping process in the outer region dominates and the corresponding dispersion relation is given by Eq. (51) ( dotted curve in Fig. 5 ). The transition between these two regions takes place when Re(Ω η ) = Re(Ω Sc ), which gives for τ = 0.5, the critical wavenumber k c 2 2.2 · 10 4 cm −1 and the corresponding critical wavelength λ c 2 2.9 µm. Two regions can be further distinguished in the hydrodynamics limit. The region B 1 corresponds to k < k * 1 cm −1 , the damping process dominates and the interface mixture behaves as an interface between two isotropic fluids. Finally, the intermediate region B 2 corresponds to k * < k < k c 2 . In this range of the wave numbers, the relaxation of the conserved order parameter plays an important role and cannot be ruled out.
The slope discontinuities of the two curves in Fig. 5 indicate the points where the propagating components cancel (Im(Ω) = 0), i.e. a transition between a week damping regime where | Ω 0 | ηk 2 /ρ and a strong damping one where | Ω 0 | ηk 2 /ρ. The concentration variation induces a decrease of the wave number corresponding to the transition between these two regimes (in the pure nematic system the transition takes place at k 10 cm
while in the mixture the transition takes place at k = k * ). The phase diagram in the space (τ, k c 2 ) is plotted in Fig. 6 . In region B 2 (k < k c 2 ) hydrodynamics is important while in region A (k > k c 2 ) the relaxation of the non-conserved order parameter and concentration dominate. We note that for a pure nematic system the transition between regions B 2 and A takes place at k c 2 9.5 · 10 3 cm −1 . The second region extends with decreasing temperature and consequently with increasing concentration variation, but the variation is very low. 
VI. CONCLUSIONS
In this paper we have examined surface modes at the nematic-isotropic interface in thermotropic nematic/non-nematic mixtures.
We have used a free energy density model f (c, Q αβ ) as a sum of two terms. The first term is the free energy density of the isotropic mixing for the two components Eq. (4) of Flory type. The second term is a generalized form of the Landau-de Gennes free energy density in which we have included the coupling between c and Q αβ from microscopic considerations Eq. (5). The two representative phase diagrams generated by this form of the free energy were presented in Fig. 1 .
We have considered a planar nematic-isotropic interface in equilibrium. Minimizing the free energy functional, we have obtained the Euler-Lagrange equation for the equilibrium profiles of the order parameters and the interfacial tension for the two phase diagrams presented. We mention that this interface constitutes the base state in the inner region of the dynamical system.
To explore the dynamics of this system, we have supplemented the Hess-OlmstedGoldbart-Qian-Sheng model for the orientational, non-conserved, order parameter with the Cahn-Hilliard equation for the conserved parameter, the concentration. We have assumed an isothermal system, characterized by a scalar order parameter S. In this way, we have considered an isotropic interfacial tension, i. e., independent of the director orientation at the interface and neglected all coupling between the director and the hydrodynamic flow. In this model, both phases have the same density, but different viscosities. We have considered the equilibrium planar nematic-isotropic interface as the base state of the system. The front was then perturbed with a small amplitude monochromatic plane wave and the linear stability of the front was examined.
In the outer region, in the leading order, the key result is Eq. (51). This is the classical dispersion relation for the damping of capillary waves.
In the inner region, ignoring the interaction between the hydrodynamics and the order parameter dynamics, in the leading order, the problem is Model C in the Hohenberg and Halperin classification. This couples a non-conserved dynamics governed by the timedependent Ginzburg-Landau equation and a conserved dynamics described by the CahnHilliard equation. In this approximation, we have obtained the dispersion relation in the inner region Eq. (67), which we have plotted in Fig. 3 . Two distinct regions can be distinguished. In the small wavelength limit, for k > k c 1 , the relaxation of the non-conserved order parameter is the important process. In the long wavelength limit, for k < k c 1 , the relaxation of the conserved parameter becomes dominant. So, ignoring hydrodynamics degrees of freedom, the addition of a conserved parameter has a profound effect on the dynamics at long wavelengths. The critical wave number k c 1 which defines the transition between these two regions was obtained Eqs. (73) and (74) and plotted in Fig. 4 as a function of temperature.
Using the method of matching asymptotic expansions, we have obtained the generalized dispersion relation Eq. (82). The corresponding relaxation rate is plotted in Fig. 5 . Three distinct regions can be distinguished. (i) at very low values of the wavenumber k < k * , in region B 1 , the nematic behaves as an isotropic fluid and the dissipation due to shear flow dominates, (ii) at intermediate values of k * < k < k c 2 , in region B 2 , the influence of the conserved parameter is important, and finally (iii) at large values of k > k c 2 , in region A, the relaxation of the non-conserved order parameter governs the physics.
We mention that the calculation is simplified as it neglected the coupling between the nematic director and the hydrodynamics flow, as well the anchoring effect of director at the interface. We did not use the complete set of Leslie viscosities. Nevertheless, it seems likely that much of the physics will be retained in the general case. However, particularly when the boundary condition at the interface is planar, or when there are anchoring transitions as one goes along the phase coexistence line, there may be interesting new extra physics in the dynamics.
The method we have used will also permit the inclusion of the coupling between interface oscillations, the director field, and the velocity, by including backflow effects. A further complication involves addition of the density. This will allow the study to include interfaces in lyotropic liquid crystals.
